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ABSTRACT: The high fidelity observed in biological information processing ranging from
replication to translation has stimulated significant research efforts to clarify the underlying
microscopic picture. Theoretically, several approaches to analyze the error rates have been
proposed. The copolymerization theory describes the addition and removal of monomers at the
growing tip of a copolymer, leading to a closed set of nonlinear equations. On the other hand,
enzyme-kinetics approaches formulate linear equations of biochemical networks, describing
transitions between discrete chemical states. However, it is still unclear whether the error values
computed by the two approaches agree. Moreover, there are conflicting interpretations on
whether the error is under thermodynamic or kinetic discrimination control. In this work, we
examine the error rate in persistent copying biochemical processes by specifically analyzing
both theoretical approaches. The initial disagreement of the results between the two theories
motivated us to rederive the formula for the error rate in the kinetic model. The error
computed with the new method resulted in excellent agreement between both theoretical
approaches and with Monte Carlo simulations. Furthermore, our theoretical analysis shows that the kinetic discrimination controls
the error, even when the energy difference between adding the right and wrong products is very small. Our theoretical investigation
gives important insights into the physical−chemical properties of complex biological processes by providing the quantitative
framework to evaluate them.

■ INTRODUCTION
Copolymerization is a process of chemically combining
distinct monomer species to form polymer molecules.1−4

Copolymerization processes can be classified into two
categories: free copolymerization5,6 and templated copoly-
merization that uses a template to control the distribution of
produced sequences. Many biological information phenomena
ranging from replication to translation rely on the templated
copolymerization processes.7−11 For instance, during DNA
replication, different monomer nucleotides, either cognate or
noncognate, are added sequentially to the growing DNA
strand, following the sequence of the template DNA.9,12

Therefore, the fidelity of the information processing can be
understood by investigating the templated copolymerization
kinetics.
One of the widely used approaches to study copolymeriza-

tion kinetics is the Markov-chain copolymerization
theory.5,13−19 It assumes that a copolymer sequence can be
described as a kth order Markov-chain with the rates of
addition and removal of a monomer at the growing tip
depending on the last k monomers before the growing tip.20

For many biological processes, such as DNA replication, the
addition and the removal reaction rates depend only on the
last monomeric unit at the tip of the copolymer chain. For
these processes, the copolymerization theory describes the
copolymer sequences by a first-order Markov chain approach.
In the literature, the copolymerization methods proposed by

Krüger et al.,13 Gaspard’s method,14 and the so-called steady-
state copolymerization method,15 utilize the first-order
Markov chain for describing the copolymer sequences. This
allows the reduction of hierarchically coupled kinetic
equations that appear due to the complexities of reversibility
or proofreading steps into a set of closed equations. These
sets of nonlinear (in terms of probabilities of different states
of the system) algebraic equations can be solved to obtain
the stationary properties of the system, such as the error rate.
The enzyme-kinetics approach is another well-utilized

method for analyzing the molecular mechanisms and the
fidelity of biological information processing.21−23 Enzymes are
known to have remarkable capability for selectively choosing
the right monomer and forming a right product, over a wrong
monomer that forms a wrong product, during the binding of
monomers to a substrate copolymer chain.24 The enzyme-
kinetics approach assumes that after the formation of either a
right or a wrong product, the enzyme resets to its starting
state, thus resulting in a discrete-state kinetic model.25−27
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This approach has been explored for the study of Hopfield
kinetic proofreading (KPR) mechanisms and many other
cellular processes that employ the KPR, such as DNA
synthesis and repair, DNA replication, protein translation,
receptor-initiated signaling, protein translation, protein
folding, and transcription elongation.9,24,27−35 In this method,
the resultant steady-state kinetic equations, obtained either
from backward or forward master equation formalism, are
linear in terms of probabilities of individual chemical
states.23,24,31,34 In most cases, these equations can be solved
analytically to obtain stationary probabilities, fluxes, and
hence the error defined as the ratio of the stationary flux for
forming a wrong product to the total stationary flux to form
either a right or a wrong product.
The mechanisms of enzyme action can also be understood

in terms of the free-energy landscape.26,30,36−38 The differ-
ences in the free-energy profiles for the right and wrong
products pathways chosen by an enzyme, determine the error
rate. In general, the error rate and other nonequilibrium
stationary properties can be governed by both kinetic
discrimination, in which the differences in transition state
energies (barriers to add right or wrong monomer) govern
the process, and thermodynamic discrimination, in which the
differences between the state energies for enzyme bound to
right and wrong monomers determine the outcome of the
process.
Recent studies of the kinetic models from the enzyme-

kinetics approach proved that for a wide range of biochemical
processes, such as protein folding, protein translation, motor
protein transport, Michaelis−Menten enzymatic processes,
and the Hopfield kinetic proofreading mechanism, the
stationary flux ratios, and all properties that depend on
them, such as error rate, are controlled by kinetic
discrimination.30,38 In other words, the error is invariant to
the perturbations of the energies of the discrete states, and
hence is only affected by the transition-state energies and
their differences.38 However, a recent study employing the
Markov-chain copolymerization theory for the copolymeriza-
tion processes suggested that the error is also subject to
thermodynamic discrimination.11

The contradictory views on the kinetic and thermodynamic
discrimination of the error obtained for two theoretical
methods, the enzyme-kinetics, and the Markov-chain
copolymerization, raise several questions, which we explore
in this work. The first question is if the error rates computed
from the two approaches are the same. If not, what is the
microscopic origin of the discrepancy? If yes, what is the
reason for the contrasting result for the control of kinetic
versus thermodynamic discrimination on the error in
biological processes? To answer these questions, we first
present a theoretical analysis of information-copying process-
ing using both copolymerization theory and enzyme-kinetics
approaches. Then, the error rates from both methods are
explicitly evaluated for the specific models for persistent
copying processes such as DNA replication. For the kinetic
model from the enzyme-kinetics approach, a new expression
for error is obtained, showing that it now fully agrees with
the results from the copolymerization theory. Using our
quantitative frameworks, we analyze the conditions for
thermodynamic and kinetic discrimination for determining
their control on the error rate for the models for persistent
copying processes. It is explicitly shown that the error in

copolymerization processes is always governed by kinetic
factors.

■ METHODS
Copolymerization Theory. To understand the kinetics

of copolymerization, we use a first-order terminal model, in
which the rates of addition and deletion of monomers in a
copolymer sequence depend only on the previous monomer
of the sequence.14,15 Depending on whether the terminal
monomer of any copolymer sequence is right (R) or wrong
(W), there are two possible branching scenarios, as shown in
Figure 1. In the figure, X represents a copolymer chain

ending with monomer X. The addition Y (either R or W) to
X creates the copolymer sequences ending with XY; the
addition of Z (either R or W) to XY creates XYZ. The model
reflects the templated copolymerization occurring in bio-
logical processes such as DNA replication and transcription.
This scheme can also represent the free copolymerization
process that does not rely on a template and is mainly used
in industrial systems.5,6,39 Based on the assumption that a
copolymer sequence can be described as a first-order Markov
chain, various theoretical methods, such as Krüger’s approach
and Gaspard’s method, can be applied to reduce the original
set of kinetic equations for the terminal model into the closed
set of steady-state equations.11,13,14 Below, we describe one
such truncation method based on a Markov-chain approx-
imation, named as steady-state copolymerization method,
described in ref 15. It allows us to obtain the steady-state
properties of the copolymerization process, such as stationary
probability distributions, fluxes, and errors.
Let us define a chain-end sequence in···i1, where ik ∈ {R,

W}, ∀k = 1, 2, ···n, as representing a copolymer sequence
with last n monomers at the growing end running from in to
i1, where i1 being the terminal monomer, created by copying
a specific template. If the monomer is copied correctly it has
a value R in the sequence, while wrong copying is associated
with W. We denote ···P t( )i in 1

as the probability to have the
copolymer sequence ending with in···i1 (n ≥ 1) at time t. The
temporal evolution of these probabilities can be written using
the flux conservation

Figure 1. Two-step branching network of a growing copolymer
chain with terminal unit R (left) and terminal unit W (right) in the
first-order terminal model. X represents a copolymer chain ending
with monomer X. XY represents the copolymer chain ending with
dimer XY, and are formed by adding Y to the copolymer chain with
X at the terminal position. Similarly, XYZ represents the copolymer
chains ending with trimers XYZ, where, X, Y, Z ∈ {R, W}.
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where the fluxes are given as
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where we defined ki i2 1
as the rate constant of the transition

in···i2 → in···i2i1 (adding the monomer to the chain) and k i i2 1

is the rate constant for the reversed transition in···i2i1 → in···i2
(removal of the last monomer from the chain). Substituting
eqs 2 and 3 into eq 1, we obtain
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The physical meaning of eq 4 is the following. The first term
on the right side describes the transitions between the
polymer configurations with (n − 1) and n last monomers,
while the second term corresponds to n ↔ (n + 1)
transitions if the last added monomer is the correct one (R)
and the third term corresponds to n ↔ (n + 1) transitions if
the last added monomer is the wrong one (W).
In the next important step, the probabilities of copolymer

sequences ending with in···i1 (n ≥ 3) are approximated using
the following factorization conjecture, based on the first-order
Markov-chain approximation14,15

=
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P P Pi i i i i i
i i i i i i
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This can also be understood as a two-site cluster mean-field
approximation, meaning that the correlations inside the
cluster of two neighboring monomers are considered
explicitly, while the correlations with the sites beyond the
cluster are neglected. Then, the probability of the arbitrary
copolymer configuration can be viewed as a product of two-
site probabilities (the numerator in eq 5) with the proper
normalization coefficient (the denominator in eq 5).
Applying the conjecture from eq 5 into the expressions for

the fluxes in eqs 2 and 3, we obtain
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In the steady-state limit (t → ∞), we have =··· 0
P

t

d

d
in i1 ,

leading to = *··· ···J Ji i i in n1 1
. Then, from the eqs 6 and 7 one

might conclude the following relation between the stationary
fluxes and probabilities

= *J
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Now using for the coefficients i2 and i1 = R or W, it can be
shown that

= =
J

P

J
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J
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RR

WR

WR

RW

RW

WW

WW (9)

Additionally, for i1 = R, the steady-state kinetic equation for
Pid1
, yields JRR + JWR = JRR + JRW, finally leading to a simple

relation.
=J JRW WR (10)

The expressions for fluxes JRR, JRW, JWR, and JWW, can be
obtained from eq 2, as follows.

=J k P k PRR RR R RR RR (11)

=J k P k PRW RW R RW RW (12)

=J k P k PWR WR W WR WR (13)

=J k P k PWW WW W WW WW (14)

Noting that the probability of a copolymer sequence ending
with i1 is equal to the sum of the probabilities of the
copolymer sequences ending with Ri1, and Wi1, for i1 = {R,
W}, we obtain

= + = +P P P P P P,R RR WR W RW WW (15)

Now substituting the expressions of fluxes from eqs 11−15
into the relations given by eqs 9 and 10, we obtain the
following set of nonlinear algebraic equations

+ +
=

+
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+ + +
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RW RW

2

2

(16)

Solving the above-mentioned equations along with the
normalization condition

+ + + =P P P P 1RR RW WR WW (17)

yields the solutions of four unknown probabilities, PRR, PRW,
PWR, and PWW. The specific values of these four variables can
then be utilized for computing the error rate, η

=
+

+ + +
J J

J J J J
WR WW

RR RW WR WW (18)

It is defined as the ratio of stationary fluxes flowing into or
out from the chains ending with the wrong monomer (JW =
JWR + JWW) to the sum of the stationary fluxes flowing into or
out from the chains ending with monomer R (JR = JRR + JRW)
and monomer W (JW).
Enzyme-Kinetics Approach. An alternative method to

investigate the molecular mechanisms of information copying
biological processes is the enzyme-kinetics approach.21,22,25,28

Following this framework, we consider a minimal discrete-
state kinetic model in which the forward and backward
transition rates between any two states depend on both
states. We, therefore, consider all possible states of the
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enzyme (say) E that can occur before a product formation
(one of the possible dimers: rr, rw, wr, ww at the copolymer
tip) for a copolymerization process with rates depending on
the previous monomer. A schematic view of relevant states
and transitions in the enzyme-kinetics description is
presented in Figure 2 with colored arrows indicating net

fluxes between the states. If we assume that after the dimer
product formation, the enzyme resets to the state
corresponding the identity to the last incorporated monomer,
we can describe the system with six-state kinetic model.
Assuming that dynamics in the system are homogeneous

and reach a stationary state, let us look at the copolymer
sequence that ends at the site i at some arbitrary time: see
Figure 2. If the last subunit is correctly copied, such state of
the enzyme is labeled as ER, whereas if the last monomer is
incorrectly copied, such state is labeled as EW. Then from ER
and EW, four different enzyme states (ERR, ERW, EWR,
EWW) can be achieved by adding another subunit (R or W)
to the next site i + 1.
At the next step (site i + 2), in principle, there would be

eight new possible states EXYZ, for X, Y, Z ∈ {R, W}.
However, because the kinetic model assumes that the
transition rate depends only on the chemical state of the
last copied subunit, it is reasonable to restrict the network to
six independent states. This is a periodic boundary condition
that assumes that after the two steps enzyme resets to the
state determined by the last incorporated monomer and

forms the dimer products (rr, rw, wr, and ww); for details, see
Figure 2.
The periodic boundary condition implies that the total flux

flowing between the copolymer sequences ending with R (or
W) at the sites (i − 1) and i is equal to the total flux flowing
between the copolymer sequences ending with R (or W) at
sites (i + 1) and (i + 2) (see arrows with the same color in
Figure 2). This leads to

= + + +J J J J JR RRR RWR WRR WWR (19)

= + + +J J J J JW RRW RWW WRW WWW (20)

where JR and JW are the total fluxes coming into the states,
ER and EW, respectively, from the left. JXYZ denotes the total
flux flowing out of state EXY into the state EXYZ. Note that,
JR = JRR + JRW (or JRR + JWR), and JW = JWR + JWW (or JRW +
JWW), see (Figure 2), where

=J k P k PRR RR ER RR ERR (21)

=J k P k PRW RW ER RW ERW (22)

=J k P k PWR WR EW WR EWR (23)

=J k P k PWW WW EW WW EWW (24)

Notably, in contrast to the copolymerization theory, here, we
view the six enzyme states, with probabilities Pi for i ∈ {ER,
EW, ERR, ERW, EWR, EWW}, as independent states leading
to the following normalization condition

+ + + + + =P P P P P P 1ER EW ERR ERW EWR EWW (25)

The advantage of using the enzyme-kinetics approach to
describe copolymerization is that the dynamics in the system
can be viewed as a set of transitions between several discrete
states with constant rates (as we assume that monomers and
cofactors are at fixed concentrations). This allows us to utilize
a powerful method of forward master equations (FME) to
compute fluxes, probabilities, and other properties of the
system

· =K P 0 (26)

where the probability vector P = [PER, PERR, PERW, PEW, PEWR,
PEWW] is subject to the normalization condition (eq 25)
rewritten in vector form

· =1 P 1T (27)

where 1 is a 6 × 1 unit vector. The 6 × 6 transition rates
matrix K, is given by

Figure 2. Relevant states and fluxes in the enzyme-kinetics
description of the polymerization process. The system starts in
either ER or EW states, where E represents the enzyme involved in
the polymerization process, and then after two steps, ends up in one
of these states along with the formation of the dimer products (rr,
rw, wr, and ww).

Figure 3. Error η as a function of ΔGpol for (A) ΔGK = 0, and (B) ΔGTT = 0. Energies are given in units of kBT. Solid lines correspond to the
estimates from the enzyme-kinetics approach, and symbols correspond to the estimates from the copolymerization theory. The dashed lines
represent the error for ΔGK = ΔGTT = 0 from both approaches.
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Substituting the probabilities of the six distinct states into the
expressions for stationary fluxes JRR, JRW, JWR, and JWW, given
by eqs 21−24, and utilizing the definition of error as given by
eq 18, the error rates for the enzyme-kinetics approach can
be obtained.
Specific Models of Persistent Copying. To compare

both theoretical approaches, let us consider a set of specific
models of persistent copying (also see the Supporting
Information) in which the transition rates can be related to
the free-energy differences (in units of kBT)

11

= = +k G k G Gexp( ), exp( )RR RRK pol K

(30)

= = +k k G G1, exp( )RW RW pol TT (31)

=
= +

k G

k G G G

exp( ),

exp( )
WR

WR

K

pol K TT (32)

= =k k G1, exp( )WW WW pol (33)

where ΔGpol defines the free-energy difference for extending a
copolymer sequence by one monomer while ignoring the
interactions between the copy and the template sequences
(see Figure S5). The free energy, ΔGTT, specifies the
differences in interactions between the right monomer with
the template and the wrong monomer with the template (see
Figure S5). Here, we assume that only the last monomer
interacts with the template while all previous contacts are
already broken.11 The kinetic energy, ΔGK, denotes the
difference between the transition state energies of adding the
right or wrong monomers (see Figure S5). This implies that
ΔGK captures the kinetic advantage of adding the monomer
R versus W.
Monte Carlo Simulations. To complement our theoreti-

cal approaches, we perform extensive Monte Carlo simu-
lations (MCS) for the specific models of persistent copying
defined above. We employed the Gillespie algorithm40 to
simulate the growth of a copolymer chain. The simulations
are commenced with a random selection of a dimers

sequence and are terminated upon reaching a copolymer
length of 1000 monomers. The probability of errors is
directly inferred from the outcomes of 1000 simulations. A
length of 1000 monomers is chosen to avoid any edge effects
in computing the probability of errors.

■ RESULTS
Discrepancy in Error Estimates for Enzyme-Kinetics

and Copolymerization Methods. To compare the
predictions for dynamic properties of information copying
processes from both theoretical methods, let us start with
evaluating the errors. The error rates are computed from the
formula given by eq 18. The fluxes involved in the expression
for the error are evaluated from eqs 11−14 for the
copolymerization method and from eqs 21−24 for the
enzyme-kinetics approach. At the same time, the probabilities
in the expressions for fluxes are computed from the solution
of eqs 9, 10, and 15 for the copolymerization theory; whereas
for the enzyme-kinetics approach, the probabilities are
obtained from solving the system of equations defined by
eqs 8 and 13.
Figure 3 shows the results of our calculations, illustrating

how the error rate changes as a function of polymerization
energy, ΔGpol, for the two cases. The first case assumes that
ΔGK = 0 for different ΔGTT (see Figure 3A), where all free
energies are given in units of kBT. This corresponds to the
situation when there is no kinetic advantage of adding the
monomer R versus monomer W. The second case is for
ΔGTT = 0, i.e., when every final product state has the same
free energy, for different ΔGK (see Figure 3B). In both cases,
there are discrepancies between the errors computed from
the enzyme-kinetics approach (solid lines) and the copoly-
merization theory (symbols). However, for ΔGTT = 0, the
discrepancies between the two theories are observed for a
smaller range of parameters. Whereas, for the case when only
ΔGK = 0, the errors from the two theories only match in the
limit of the threshold value of 0.5, a condition achieved when
both ΔGK, and ΔGTT are set to zero (dashed line in Figure
3).
To determine which of the two approaches is more

accurate in estimating the error, we also compared the
predictions with the error obtained from MCS (see Figure
S4). It was found that the error from the copolymerization
method always matches with the corresponding results from
the simulations (see Figure S4). However, the error from the
copolymerization theory matches with the error from the
enzyme-kinetics approach only when the backward transition
rates become small in comparison to the forward transition
rates, that is, when ΔGpol is large (see Figure 3). This is
because the presence of backward transitions causes the
probabilities of copolymer sequences ending with chains of
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length i to depend on the probabilities of copolymer
sequences ending with chains of length i + 1 and i − 1,
which is generally not fully accounted for in the enzyme-
kinetics approach. These arguments suggest that the
evaluation of the errors in the enzyme-kinetics method
should be reconsidered to reflect properly for the backward
transitions.
Modified Formula of Error for Enzyme-Kinetics

Approach. To uncover the sources of the discrepancy in
the estimates of errors from the enzyme-kinetics approach,
we relate the fluxes to the conditional error probabilities, ηR
or ηW, defined as the probability to have the monomer W at a
position i + 1, given that a monomer R or respectively W is
present at the ith position of the copolymer chain.5

Equivalently, ηR (ηW) is the probability of arriving at the
state ERW (EWW) at the position i + 1, given that the
system is at the state ER (EW) at the ith position5

=
+

J

J JR
RW

RR RW (34)

=
+

J

J JW
WW

WR WW (35)

where JXY denotes the flux between the states EX and EXY in
the discrete-state network.
Let us define the total flux of adding the two monomers to

the copolymer chain as JT = JRR + JWR + JRW + JWW. One can
present the fluxes JXY in terms of parameters η, ηR, ηW, and JT,
as follows

=J J(1 )(1 )RR R T (36)

=J J(1 )RW R T (37)

=J J(1 )WR W T (38)

=J JWW W T (39)

In the same fashion, it can be shown that

=J J (1 )XYR XY Y (40)

=J JXYW XY Y (41)

In addition, we note that JXY = JXYR + JXYW, ∀X, Y ∈ {R, W}.
This means that the net flux coming into the state EXY from
the left is equal to the net flux going out of the state EXY
into the right: see the discrete states network in Figure 2.

Substituting the fluxes JXY and JXYZ from eqs 36−41 into
the expressions given by eqs 19 and 20 leads to simpler
relations

+ + =( (1 ))(1 ) 0R R W R W (42)

+ =( (1 ))( ) 0R R W R W (43)

Solving either of the above equations for η, we derive the
following relation of the error rate, denoted by ηD, for the
discrete-state kinetic model

=
+1

R

R W
D

(44)

This result can also be derived using much more intuitive
physical arguments. One can view the error as a quantity
average over two possible cases when the last monomer in
the copolymer chain is R or W, namely

= +P PR R W W (45)

where PR and PW are the probabilities to have the last
monomer R or W, respectively. One can associate PW = η and
PR = 1 − η, which after substitution into eq 45 leads to the
expression in eq 44. These arguments suggest that the correct
expression for the error should reflect different dynamics of
adding or removal the R and W monomers depending on the
nature of the last monomer in the copolymer chain. It should
be noted that ηD is obtained in terms of the conditional error
probabilities unlike the error η, given in eq 18.
Further substituting ηR, and ηW, from eqs 34 and 35 into

eq 44, yields the final modified expression for the error in the
enzyme-kinetics

=
+

+ +
J J J

J J J J J

( )

(2 )
RW WR WW

RR WR RW WR WW
D

(46)

One could notice that using the modified expression of error
in eqs 37 and 38 leads to the condition

=J JRW WR (47)

Equivalently, enforcing this condition implies that errors
computed from eqs 46 and 18 are the same. For the steady-
state copolymerization method, the condition given by eq 47
always holds (see the Methods section). However, for the
enzyme-kinetics approach, the fluxes JRW and JWR, when
computed from eqs 12 and 13, are not equal (see Figure S2
in the Supportingg Information). This implies that for the
discrete-state kinetic model obtained from the enzyme-kinetic
approach, the new formula for the error, ηD, is not always

Figure 4. Error ηD as a function of ΔGpol for two cases: (A) ΔGK = 0, and ΔGTT = 2, 4, 6, and 8. (B) ΔGTT = 0, and ΔGK = 2, 4, 6, and 8.
Energies are given in units of kBT. Solid lines denote the error for the enzyme-kinetics approach. Symbols denote the error obtained from the
copolymerization theory.
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equal to the original expression for the error given by eq 18.
We also note that JRW = JWR is the result of the conservation
of total flux in the steady-state, which the enzyme-kinetic
approach fails to capture.
To check the accuracy of the new error formula, we

compute the error, ηD, for the persistent copying processes
with the rates given by eqs 30−33, using the FME formalism
for the enzyme-kinetics approach. For the case when ΔGK =
0, the error is given by

= + +
+ + +

+

+
1 e 4 e

1 2 e e 8 e

G G G

G G G GD,K

( )

2 ( )

TT pol TT

TT TT pol TT (48)

The above-mentioned error matches with the corresponding
numerical values of error, computed from the steady-state
copolymerization theory, for different values of ΔGTT and a
broader range of ΔGpol as shown in Figure 4A. For the case
of ΔGTT = 0, the error ηD is given by

= + +
+ + +

+

+ +
e e e

2 e e 2 e e

G G G G

G G G G G GD,TT

( )

( ) 2

K pol K pol

K pol K pol K pol

(49)

It also agrees with the corresponding estimates of the error
obtained from the copolymerization theory and from the
computer simulations, as demonstrated in Figure 4B.
These observations suggest that the evaluation of the error

for information copying processes in biological systems from
both theoretical methods produces the same results that also
fully agree with computer simulations. However, in the
enzyme-kinetics method the calculation of the error is
relatively simple due to the linear nature of underlying
relations, leading to explicit analytical formulas. At the same
time, calculations in the copolymerization approach are more

complex because of the nonlinear nature of involved relations.
As the result, it can only provide numerical estimates.
Invariance of Errors with Respect to Energy

Perturbations. It is convenient to analyze the biological
information copying processes in terms of the effective free-
energy landscape where the minima correspond to specific
biochemical states and the maxima describe the barriers for
transitions between these states. Generally, free-energy
perturbations should influence the dynamic properties of
copolymerization.41 However, it has been recently shown that
the dynamic properties that depend only on the ratio of
stationary fluxes should be independent of those perturba-
tions that affect only the minima in the underlying free-
energy profile while keeping all other energies unchanged.38

This is known as a kinetic discrimination control because
these properties can only be changed by modifying the
kinetic rates for transitions between the states (i.e., changing
the maxima in the free-energy landscape).
One can see that the modified expression for the error, ηD

can also be rewritten as a function of the ratios of stationary
fluxes

=
+

+ +

=
+

+ +

J J

J J J

J J J J

J J J J J J

2

/ /

/ 2 / /

WR WW

RR
J

J WR WW

WR RR WW RR

WR RW WR RR WW RR

D WR

RW

(50)

Since each ratio of stationary fluxes is invariant under the
perturbations of state energies, the whole expression for ηD
must also be invariant. This implies that the error cannot be
controlled thermodynamically, and it depends only on the
kinetic aspects of the process, that is, it is under kinetic
discrimination control.

Figure 5. Effective free-energy landscape of copolymerization processes. Part of the overall network is shown.
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Is Persistent Copying Error Controlled Thermody-
namically or Kinetically? In dynamic processes with
multiple different outcomes, the kinetic control describes
the situation when the probabilities of getting different
products depend only on the transition state energies and are
independent of the state energies. Thermodynamic control
corresponds to the opposite case when the probabilities of
different products are governed only by the state energies and
not by the transition barriers between the states. The
copolymerization processes belong to such a class of dynamic
systems with different products.
Recent theoretical investigation of persistent copying

processes with the rates described by eqs 30−33 considered
the situation when ΔGK = 0 as the case of no kinetic
discrimination because the rates of adding right (R) or wrong
(W) in this limit are the same.11 Then, it was shown for this
situation that errors depended on the variation of ΔGpol and
ΔGTT, which can be viewed as thermodynamic quantities: see
also Figure 3. Based on these observations, it was argued that
errors in copolymerization processes are under thermody-
namic control. However, this contradicts the theoretical
arguments that we presented above that clearly show only the
kinetic discrimination for errors in such biochemical
processes.38

To resolve this controversy, let us use the free-energy
landscape for the copolymerization process as illustrated in
Figure 5. Assuming that the initial state ER has zero energy,
we can assign specific values for the energies of discrete states

(minima) and transition state energies (maxima) in terms of
the energetic parameters of the models, ΔGpol, ΔGK, and
ΔGTT. The results are summarized in Table 1, and more
details are given in the Supporting Information. Importantly,
one can see that even when ΔGK = 0 most transition state
energies also depend on ΔGpol and ΔGTT. This means that
varying these energetic parameters changes both minima and
maxima in the free energy profile, and this cannot be viewed
as a pure thermodynamic control. Such perturbations
simultaneously modify both the kinetic and thermodynamic
features of the system.
To better understand why setting ΔGK = 0 does not

correspond to thermodynamic discrimination conditions, one
can visualize the free energy landscape for two subsequent
incorporation steps starting from the same state ER and
ending in either error-less product state rr + ER or one
wrong monomer incorporated product state rw + ER (Figure
5). Both final states have the same energies equal to −2ΔGpol
(consistent with periodic boundary conditions imposed in eqs
19 and 20). One can see that while ΔGK = 0 results in the
zero difference in the transition state energies (maxima) for
the first reaction steps in both pathways: R → RR or R →
RW for copolymerization (or ER → ERR or ER → ERW for
the enzyme-kinetics approach), the transition state energies
for the subsequent steps are not the same. Indeed, changing
either ΔGpol or ΔGTT affects these transition state energies.
Furthermore, if ΔGTT ≠ 0, there will be a difference in these
energies, and, therefore, the rates of following reaching rr or

Table 1. Energies of Discrete States (Minima), ϵj, and Transition State Energies (Maxima), ϵi,j† , of the Free-Energy
Landscape of Copolymerizationa

internal-state energies value transition-state energies value

ϵ2 −ΔGpol ϵ1,2† ω−ΔGK
ϵ3 −2ΔGpol ϵ1,5† ω
ϵ4 −2ΔGpol + ΔGTT ϵ2,3† −ΔGpol + ω−ΔGK
ϵ5 −ΔGpol + ΔGTT ϵ2,4† −ΔGpol + ω
ϵ6 −2ΔGpol ϵ5,6† −ΔGpol + ΔGTT + ω−ΔGK
ϵ7, ϵ14 −2ΔGpol + ΔGTT ϵ5,7† −ΔGpol + ΔGTT + ω
ϵ8 ΔGTT ϵ8,9† ΔGTT + ω−ΔGK
ϵ9 −ΔGpol ϵ8,10† ΔGTT + ω
ϵ10 −ΔGpol + ΔGTT ϵ9,11† −ΔGpol + ω−ΔGK
ϵ11 −2ΔGpol ϵ9,12† −ΔGpol + ω
ϵ12 −2ΔGpol + ΔGTT ϵ10,13† −ΔGpol + ΔGTT + ω−ΔGK
ϵ13 −2ΔGpol ϵ10,14† −ΔGpol + ΔGTT + ω

aThe labels i describe different states in the network, as partially shown in Figure 5, and fully described in the Supporting Information and shown in
Figure S3.

Figure 6. Error as a function of energy perturbation, ΔϵERR for two cases (A) ΔGK = 0, ΔGTT = 6, ΔGpol = 3; (B) ΔGK = 2, ΔGTT = 0, ΔGpol
= 6. Free energies are given in units of kBT. Solid lines and symbols, respectively, denote the errors computed from the enzyme-kinetics
approach and copolymerization theory.
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rw products are expected to differ leading to the kinetic
discrimination. Notably, if ΔGK = ΔGTT = 0 there will be no
discrimination between the two substrates, and the error will
be 0.5. Thus, we conclude that for the persistent copying
processes with rates defined by eqs 30−33, the pure
thermodynamic discrimination cannot be defined by merely
putting ΔGK = 0.
To check the invariance of the errors computed from the

enzyme-kinetics approach or copolymerization theory, the
following procedure can be done. Consider an arbitrary
discrete state of the system m with the energy, ϵm. Let us
modify only this state energy by the amount Δϵm such that
ϵm′ = ϵm − Δϵm. Then the transition state energies and state
energies of all other states i ≠ m are fixed. This perturbation
will modify the transition rates out of the state m, and the
error can be again estimated explicitly in the perturbed
system. Figure 6 demonstrates the error as a function of
perturbation of energy of state ERR by an amount ΔϵERR for
the two cases: when ΔGK = 0 and when ΔGK ≠ 0. It is
found that, for both cases, the errors computed either for the
enzyme-kinetics approach or from the copolymerization
theory are invariant to such perturbations, implying that the
error for the persistent copying processes is always under the
kinetic discrimination control.

■ DISCUSSION
In our work, we compared two theoretical approaches, the
copolymerization method and the enzyme-kinetics, to analyze
the error rate of biological information processing. The
copolymerization theory employs the factorization conjecture,
which is equivalent to the Markov-chain approximation for
the dependence of the addition and deletion rates of
monomers at the growing tip on the last monomer of the
chain. This approximation reduced the steady-state kinetic
equations into a set of closed nonlinear algebraic equations.
The solutions of these equations are the stationary
probabilities, which can be used to compute the stationary
fluxes and the error rate. On the other hand, the enzyme-
kinetics approach assumes that the enzyme resets to one of
the original states after the product is formed and, as a result,
it yields a finite-state chemical-kinetic model. The resulting
kinetic equations are linear, allowing us to obtain stationary
probabilities and the fluxes that can be used to compute the
error.
The error was evaluated using both theoretical approaches

and compared with the MCS for the specific model of
persistent copying. In this model, the rates of addition and
deletion of monomers are defined in terms of driving energy
ΔGpol, kinetic difference energy ΔGK, and temporary
thermodynamic difference energy ΔGTT.

11 The results
indicate that the error computed from copolymerization
theory agreed perfectly with MCS while some disagreements
were found with the results computed from the enzyme-
kinetics approach. This discrepancy in the error motivated us
to rederive the error for the enzyme-kinetics approach. The
modified error formula has been obtained by redefining the
fluxes in terms of the conditional error probabilities. The new
expression for the error agreed well with the error obtained
from the copolymerization theory and with MCS.
We also investigated what factors govern the error rate in

biological information copying processes. There are contra-
dictory results suggesting only kinetic or only thermodynamic
discrimination for error in persistent copying.11,38 Our explicit

analysis using free-energy calculations determined that the
error rates are controlled only by the kinetic factors. It was
also found that the perturbations that were used to claim for
thermodynamic discrimination actually involved the mod-
ifications of both kinetic and thermodynamic features, and,
thus, they yielded wrong predictions. Our calculations suggest
that energetic perturbations that only change the state
energies (minima in free-energy profile) do not influence
the error rates, while changes in the transition state energies
(maxima in free-energy profile) lead to changes in the errors.
Our calculations show that ΔGK = 0 (the same rate of

adding right or wrong monomers) is not a regime of the pure
thermodynamic discrimination. The explicit expressions for
the energies and transition energies for the various states of
the kinetic model indicated that some of the transition state
energies explicitly depend on the polymerization energy
ΔGpol or thermodynamic discrimination energy ΔGTT.
Therefore, perturbations of these parameters will also change
the kinetic properties of the system. For example, even when
ΔGK = 0, the difference in the transition state energies for
the reactions ERR → ERRR and ERW → ERWR is ΔGTT.
Thus, kinetic discrimination will only be absent when ΔGTT
= 0 and, in fact, in this limit, both approaches result in the
error of 0.5, that is, lack of discrimination.
In this work, we investigated the underlying molecular

mechanisms of biological copying processes by analyzing
them using two different theoretical methods, copolymeriza-
tion theory, and enzyme-kinetics approach. This allows us to
compare both theoretical methods, pointing out to strong
and weak sides of each approach. The copolymerization
theory provides a numerically exact estimate of the error.
This is due to the use of the first-order Markov-chain
approximation that properly captures the nearest-neighbor
effect, that is, that the monomers association and dissociation
rates depend only on the last subunit in the copolymer. In
other words, the correlation length in this one-dimensional
system is equal to the distance between the nearest
neighbors. Moreover, for more complex copolymerization
processes with internal substates, the theory can be
generalized using the so-called Markov-chain tree theorem.4

However, the copolymerization theory always produces a set
of complex nonlinear kinetic equations that very rarely lead
to analytical solutions, requiring advanced numerical calcu-
lations to obtain the dynamic properties. On the other hand,
the enzyme-kinetic approach leads to simpler linear kinetic
equations, from which analytical results can be obtained,
significantly accelerating the efforts to understand the
microscopic picture of persistent copying and related
phenomena. In addition, although the simplest version of
the enzyme-kinetic method assumes only few discrete states,
more chemical states can be added in a more general
approach. It seems that combining both theoretical methods
can provide a powerful tool for investigations of complex
biological processes.
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